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SUMMARY 
A model of a s i m p l e  p a r a l l e l - s h a f t ,  spur-gear t r a n s m i s s i o n  i s  p resen ted .  
The model i s  developed t o  s i m u l a t e  dynamic loads i n  power t r a n s m i s s i o n s .  Fac- 
2 tors a f f e c t i n g  these  loads  a r e  i d e n t i f i e d .  I n c l u d e d  a r e  s h a f t  s t i f f n e s s  and 
i n e r t i a ,  l o a d  and power source i n e r t i a ,  t o o t h  geometry, t o o t h  s t i f f n e s s ,  l o c a l  
W compl iance due t o  c o n t a c t  s t r e s s ,  l o a d  s h a r i n g ,  and f r i c t i o n .  Govern ing  d i f -  
f e r e n t i a l  e q u a t i o n s  a r e  deve loped and a s o l u t i o n  procedure i s  o u t l i n e d .  A 
parameter s t u d y  o f  t h e  s o l u t i o n s  i s  p resen ted  i n  NASA TM-100181 (AVSCOM 
TM-87-C-3). 
INTRODUCTION 
Recen t l y ,  t h e r e  has been i n c r e a s e d  i n t e r e s t  i n  t h e  dynamic e f f e c t s  i n  
gear systems. T h i s  i n t e r e s t  i s  s t i m u l a t e d  by demands f o r  s t r o n g e r ,  h i g h e r  
speed, improved-performance, and l o n g e r  l i v e d  systems. T h i s  i n  t u r n  has s t imu-  
l a t e d  numerous r e s e a r c h  ef for ts d i r e c t e d  toward u n d e r s t a n d i n g  gear dynamic phe- 
nomena. However, many aspec ts  of gear dynamics a r e  s t i l l  n o t  s a t i s f a c t o r i l y  
understood.  
For example, i n  i n d u s t r i a l  s e t t i n g s ,  a h i g h  performance gear  s y s t e m  i s  
I n  aerospace and m i l i t a r y  a p p l i c a t i o n  where w e i g h t  i s  a premium, 
o f t e n  o b t a i n e d  by o v e r d e s i g n i n g ,  and by s a c r i f i c i n g  c o s t s ,  m a t e r i a l s ,  and com- 
pactness.  
gear systems a r e  o f t e n  des igned under c o n d i t i o n s  v e r y  c l o s e  t o  t h e  f a i l u r e  l i m -  
i t s ,  t h e r e b y  i n t r o d u c i n g  u n c e r t a i n t i e s  i n  performance and l i f e  p r e d i c t i o n .  
They a r e  o f t e n  p r e m a t u r e l y  r e p l a c e d  t o  p r e v e n t  i n - s e r v i c e  f a i l u r e .  Moreover,  
*Member ASME. 
gear systems a r e  o f t e n  des igned b y  u s i n g  s t a t i c  ana lyses .  However, when gear  
systems o p e r a t e  a t  h i g h  speed, t h e r e  a r e  s e v e r a l  f a c t o r s  which a f f e c t  t h e i r  
performance. These i n c l u d e  s h a f t  t o r s i o n a l  s t i f f n e s s ,  gear t o o t h  l o a d i n g  and 
de fo rma t ion ,  gear t o o t h  spac ing  and p r o f i l e  e r r o r s ,  r o t a t i n g  speeds, mount ing  
a l i gnmen t ,  dynamic ba lance  of r o t a t i n g  e lements ,  gear  and s h a f t  masses and 
i n e r t i a ,  and t h e  masses and i n e r t i a s  o f  t h e  d r i v i n g  (power) and d r i v e n  ( l o a d )  
e lements .  
There i s  no agreement among r e s e a r c h e r s  on  t h e  b e s t  methods f o r  eva lu -  
a t i n g  dynamic l o a d  e f f e c t s .  Hence, gear  d e s i g n e r s  a r e  o f t e n  c o n f r o n t e d  w i t h  
c o n f l i c t i n g  t h e o r i e s .  
s a f e t y  f a c t o r s ,  and exper imen ta l  d a t a  w i t h  a l i m i t e d  range o f  a p p l i c a b i l i t y .  
They g e n e r a l l y  have t o  r e l y  on  p a s t  exper ience ,  s e r v i c e  
The o b j e c t i v e  o f  t h i s  r e p o r t  and NASA TM-100181 (AVSCOM TM-87-C-3) i s  t o  
p r o v i d e  more i n s i g h t  i n t o  t h e  f a c t o r s  a f f e c t i n g  dynamic l oads .  
Research e f fo r t s  on  gear  system dynamics have been conducted f o r  many 
y e a r s .  I n  1892 Lewis ( r e f .  1 )  r e c o g n i z e d  t h a t  t h e  i ns tan taneous  t o o t h  l o a d  
was a f f e c t e d  by t h e  v e l o c i t y  o f  t h e  system. I n  1925, E a r l  Buckingham ( r e f .  2 )  
headed an exper imen ta l  r e s e a r c h  e f f o r t ,  endorsed b y  ASME, t o  measure dynamic 
e f f e c t s .  A r e p o r t  p u b l i s h e d  i n  1931 r e p r e s e n t e d  t h e  f i rst a u t h o r i t a t i v e  docu- 
ment on gear dynamics. I t  p resen ted  a p rocedure  f o r  d e t e r m i n i n g  t h e  s o - c a l l e d  
dynamic l o a d  inc remen t  due t o  mesh dynamics and gear  t o o t h  e r r o r s .  
I n  1959, A t t i a  ( r e f .  3 )  per fo rmed  an exper imen t  to  determine a c t u a l  
i ns tan taneous  l o a d i n g .  He found  t h a t  Buckingham's r e s u l t s  were c o n s e r v a t i v e .  
I n  1958, Niemann and R e t t i g  ( r e f .  4 )  f ound  t h a t  l a r g e r  masses caused 
h i g h e r  dynamic l oads ,  b u t  as t h e  average l o a d  became l a r g e r  t h e  e f f e c t  o f  
l a r g e r  masses became l e s s  i m p o r t a n t .  They a l s o  found  t h a t  v e r y  h e a v i l y  loaded 
gear systems showed n o  a p p r e c i a b l e  dynamic l o a d  inc remen t ,  whereas i n  l i g h t l y  
and modera te l y  loaded gear  systems t h e r e  were c o n s i d e r a b l e  dynamic l o a d  i n c r e -  
ments. I n  1958, H a r r i s  ( r e f .  5)  suggested t h a t  f o r  gear systems i s o l a t e d  from 
e x t e r n a l  s t i m u l i ,  t h e r e  a r e  t h r e e  i n t e r n a l  sources o f  dynamic l oads  as fol lows: 
( 1 )  e r r o r  i n  t h e  v e l o c i t y  r a t i o  measured under t h e  work ing  l o a d  
( 2 )  p a r a m e t r i c  e x c i t a t i o n  due t o  s t i f f n e s s  v a r i a t i o n  o f  t h e  gear  t e e t h  
( 3 )  n o n l i n e a r i t y  o f  t o o t h  s t i f f n e s s  when c o n t a c t  i s  l o s t  
I n  1970, Houser and S e i r e g  ( r e f .  6) deve loped a g e n e r a l i z e d  dynamic f a c t o r  for -  
mula for  spur  and h e l i c a l  gears  o p e r a t i n g  away from system resonances. 
f o r m u l a  took i n t o  c o n s i d e r a t i o n  t h e  gear geometry and m a n u f a c t u r i n g  parameters  
as w e l l  as t h e  dynamic c h a r a c t e r i s t i c s  o f  t h e  system. 
The 
I n  1972, I c h i m a r u  and H i r a n o  ( r e f .  7 )  ana lyzed  heavy-loaded spur-gear sys- 
tems w i t h  m a n u f a c t u r i n g  e r r o r s  under d i f f e r e n t  o p e r a t i n g  c o n d i t i o n s .  
found t h a t  t h e  change i n  t o o t h  p r o f i l e  showed a c h a r a c t e r i s t i c  t r e n d  t o  
decrease dynamic l o a d .  I n  1978, Corne l1  and W e s t e r v e l t  ( r e f .  8 )  p resen ted  a 
c l o s e d  form s o l u t i o n  for a dynamic model o f  spur-gear system and showed t h a t  
t o o t h  p r o f i l e  m o d i f i c a t i o n ,  system i n e r t i a  and damping, and s y s t e m  c r i t i c a l  
speeds, can have s i g n i f i c a n t  e f f e c t s  upon t h e  dynamic l oads .  I n  1981, Kasuba 
and Evans ( r e f .  9)  p resen ted  a l a r g e  s c a l e  d i g i t i z e d  extended gear  mode l i ng  
procedure  t o  ana lyze  spur-gear systems f o r  b o t h  s t a t i c  and dynamic c o n d i t i o n s .  
They 
T h e i r  r e s u l t s  i n d i c a t e d  t h a t  gear mesh s t i f f n e s s  i s  p r o b a b l y  t h e  key e lemen t  
i n  t h e  a n a l y s i s  o f  gear t r a i n  dynamics. 
a d j a c e n t  d r i v e  and l o a d  s y s t e m s  can be des igned for optimum performance i n  
t e r m s  o f  minimum a l l o w a b l e  dynamic l o a d s ,  for a wide range o f  o p e r a t i n g  speeds. 
They showed t h a t  t h e  gears and t h e  
I n  1981, Wang and Cheng ( r e f .  10) developed ano the r  dynamic l o a d  response 
a l g o r i t h m .  They r e p o r t e d  t h a t  t h e  dynamic l o a d  i s  h i g h l y  dependent on t h e  
o p e r a t i n g  speed. T h i s  model i s  l a t e r  m o d i f i e d  by L e w i c k i  ( r e f .  1 1 )  t o  account  
f o r  t h e  n o n l i n e a r  H e r t z i a n  de fo rma t ion  o f  meshing gear t e e t h .  
l o a d  found  from t h e  r e v i s e d  model showed l i t t l e  d i f f e r e n c e  from t h e  o r i g i n a l  
model s i n c e  t h e  H e r t z i a n  d e f l e c t i o n  was r e l a t i v e l y  smal l  i n  comparison w i t h  
t h e  t o t a l  gear  t o o t h  d e f l e c t i o n .  Nagaya and Uematsu ( r e f .  12)  s t a t e d  t h a t  
because t h e  c o n t a c t  p o i n t  moves a l o n g  t h e  i n v o l u t e  p r o f i l e ,  t h e  dynamic 
response shou ld  be cons ide red  as a f u n c t i o n  o f  b o t h  t h e  p o s i t i o n  and speed o f  
t h e  moving l o a d .  I n  1982, Te rauch i ,  e t  a l . ,  ( r e f .  13) s t u d i e d  t h e  e f f e c t  o f  
t o o t h  p r o f i l e  m o d i f i c a t i o n s  on t h e  dynamic l o a d  of  spur-gear s y s t e m s .  
i n g  t o  t h e i r  r e s u l t s ,  t h e  dynamic l o a d  decreased w i t h  p r o p e r  p r o f i l e  
modi f i c a t i o n s  . 
The gear dynamic 
Accord- 
I n  t h i s  f i r s t  p a r t  o f  t h e  paper,  we p r e s e n t  a model o f  a p a r a l l e l  s h a f t  
t r a n s m i s s i o n .  We c o n s i d e r  t h e  e f f e c t s  o f  s h a f t  s t i f f n e s s  and i n e r t i a ,  l o a d  
and power source i n e r t i a s ,  t o o t h  s t i f f n e s s ,  l o c a l  compl iance due t o  c o n t a c t  
s t r e s s e s ,  l o a d  s h a r i n g ,  and f r i c t i o n .  A parameter s tudy  i s  p r o v i d e d  i n  t h e  
second p a r t  o f  t h e  paper .  
NOMENCLATURE 
c r o s s  s e c t i o n  a r e a  o f  i t h  element of gear t e e t h ,  mm2 ( i n . 2 )  
damping c o e f f i c i e n t ,  gear  t o o t h  mesh, N-sec ( l b - s e c )  
damping c o e f f i c i e n t  of  s h a f t ,  N-m-sec ( i n . - l b - s e c )  
e f f e c t i v e  modulus o f  e l a s t i c i t y ,  N/m2 ( l b / i n . 2 >  
tooth f a c e  w i d t h ,  mm ( i n . )  
shear modulus, N/m2 ( l b / i n . 2 )  
second moment o f  i n e r t i a  o f  i t h  element o f  gear t e e t h ,  mm2 ( i n . 2 )  
p o l a r  moment o f  i n e r t i a  o f  l oad ,  m2-kg 
p o l a r  moment o f  i n e r t i a  o f  motor, m2-Kg 
p o l a r  moment o f  i n e r t i a  o f  gear 1 ,  m2-Kg 
p o l a r  moment o f  i n e r t i a  o f  gear 2 ,  m2-Kg 
s t i f f n e s s  o f  gear t o o t h ,  N-m/rad 
s t i f f n e s s  o f  s h a f t ,  N-m/rad 
L i  j 
qb 
qc 
9 f  
q=qbfqf+qc 
Rb 
RP 
t i  
TL 
TM 
T f  1 
T f  2 
"s 1 
"R 
W 
X i  
Y i  
P 
6 
e 
e 
e 
PO 
V 
5 
F i g u r e  
base r a d i  
p i t c h  r a d  
t h i c k n e s s  
t o r q u e  on 
t o r q u e  on 
t o r q u e  on  
t o r q u e  on 
s l i d i n g  
r o l l  i ng 
app l  i ed 
x-coord 
y -coord  
d i s t a n c e  between e lements  i and j ,  mm 
gear t o o t h  d e f o r m a t i o n  due t o  beam d e f l e c t i o n ,  mm 
gear t o o t h  d e f o r m a t i o n  due t o  c o n t a c t  d e f o r m a t i o n ,  mm 
gear t o o t h  d e f o r m a t i o n  due t o  f o u n d a t i o n  f l e x i b i l i t y ,  mm 
t o t a l  gear t o o t h  d e f o r m a t i o n ,  mm ( i n . )  
o f  gea rs ,  mm ( i n . )  
i o f  gears ,  mm 
o f  e lement  i, mm 
load ,  N-m 
motor, N-m 
gear 1 ,  N-m 
gear 2 ,  N-m 
v e l o c i t y  d u r i n g  t o o t h  mesh, mm/sec 
v e l o c i t y ,  mm/sec 
l o a d ,  N / m  ( l b / i n . >  
n a t e  o f  e lement  i ,  mm ( i n . )  
n a t e  of e lement  i, mm ( i n . )  
l o a d  ang le ,  r a d  
back lash ,  mm ( i n . )  
a n g u l a r  d i sp lacemen t ,  r a d  
a n g u l a r  v e l o c i t y ,  r a d / s e c  
a n g u l a r  a c c e l e r a t i o n ,  r a d / s e c 2  
l u b r i c a n t  v i s c o s i t y ,  N-sec/m2 ( l b - s e c / i n . 2 >  
Poi sson'  s r a t i o  
damping r a t i o  
MODEL I NG 
1 d e D i c t s  a model o f  t h e  t r a n s m i s s i o n .  I t  c o n s i s t s  o f  a motor or ~~ 
power source connected by a f l e x i b l e  s h a f t  t o  t h e  gear system. 
tem c o n s i s t s  o f  a p a i r  of i n v o l u t e  spur gea rs .  They a r e  connected t o  t h e  l o a d  
4 
The gear sys- 
by a second f l e x i b l e  s h a f t  as shown. S y m b o l i c a l l y ,  t h e  model may be r e p r e -  
sented by a c o l l e c t i o n  of masses, s p r i n g s ,  and dampers as i n  f i g u r e  2. 
L e t  OM, 81, 82, and 8L  r e p r e s e n t  t h e  r o t a t i o n s  of t h e  motor, t h e  
gears,  and t h e  l o a d .  Then by u s i n g  s tandard  procedures o f  a n a l y s i s ,  t h e  gov- 
e r n i n g  d i f f e r e n t i a l  e q u a t i o n s  for t h e  r o t a t i o n s  may be w r i t t e n  as 
where JM, J1, J2, and J L  r e p r e s e n t  t h e  mass moments of i n e r t i a  o f  t h e  
motor ,  t h e  gears,  and t h e  l o a d ;  C s l ,  Cs2, and C ( t )  a r e  damping c o e f f i c i e n t s  
o f  t h e  s h a f t s  and t h e  gears;  K s l ,  Ks2, and K g ( t ?  a r e  s t i f f n e s s e s  o f  t h e  
s h a f t s  and t h e  gears;  TM, TL, T f l ( t ) ,  and T f 2 ( t )  
and f r i c t i o n a l  t o r q u e s  on t h e  gears ;  Rbl and Rb2 a r e  base c i r c l e  r a d i i  o f  
t h e  gears ;  t i s  t i m e ;  and t h e  d o t s  o v e r  8 i n d i c a t e  t i m e  d i f f e r e n t i a t i o n .  
a r e  motor and l o a d  t o r q u e s  
I n  d e v e l o p i n g  e q u a t i o n s  ( 1 )  t o  ( 4 )  s e v e r a l  s i m p l i f y i n g  assumptions a r e  
emp 1 oyed : 
( 1 )  The dynamic process i s  s t u d i e d  i n  t h e  r o t a t i n g  p l a n e  o f  t h e  g e a r s .  
Out -o f -p lane t w i s t i n g  and m isa l i gnmen t  a r e  n e g l e c t e d .  
( 2 )  Damping due t o  l u b r i c a t i o n  of t h e  gears and sha f t s  i s  expressed i n  
t e r m s  o f  c o n s t a n t  damping f a c t o r s .  
(3) The d i f f e r e n t i a l  e q u a t i o n s  of mo t ion  a r e  deve loped by u s i n g  t h e  theo-  
r e t i c a l  l i n e  o f  a c t i o n .  
(4) Low c o n t a c t  r a t i o  gears a r e  used i n  t h e  a n a l y s i s .  S p e c i f i c a l l y ,  t h e  
c o n t a c t  r a t i o  i s  t aken  between 1 and 2.  
ANALY S I S 
A ma jo r  t a s k  i n  t h e  a n a l y s i s  i s  t o  determine t h e  va lues  o f  t h e  s t i f f n e s s ,  
damping, and f r i c t i o n  c o e f f i c i e n t s  appear ing  i n  e q u a t i o n s  ( 1 )  t o  (4). Another  
t a s k  i s  t o  de te rm ine  t h e  r a t i o  o f  l o a d  s h a r i n g  between t h e  t e e t h  d u r i n g  a mesh 
c y c l e .  These f a c t o r s  depend on t h e  r o l l  ang le  o f  t h e  gears.  Thus, e q u a t i o n s  
( 1 )  t o  (4) a r e  made n o n l i n e a r  by these t e r m s .  
5 
S t i f f n e s s  
Gear s t i f f n e s s .  - Cons ider  f i r s t  t h e  s t i f f n e s s  c o e f f i c i e n t s  kg, k s l ,  
and ks2 .  L e t  t h e  t o o t h  sur face  have t h e  form o f  an i n v o l u t e  cu rve .  L e t  W j  
be t h e  t r a n s m i t t e d  l o a d  a t  a t y p i c a l  p o i n t  j o f  t h e  t o o t h  p r o f i l e .  L e t  q j  
be t h e  d e f o r m a t i o n  o f  t h e  t o o t h  a t  p o i n t  j i n  t h e  d i r e c t i o n  o f  W j .  Then 
t h e  gear s t i f f n e s s  k g j  f o r  t h e  gear  t e e t h  i n  c o n t a c t  a t  j i s  
I n  genera l  q j  w i l l  
t o o t h ,  t h e  shear de fo rma t  
t o o t h ;  ( 2 )  t h e  d e f l e c t i o n  
f i l l e t ;  and (3) t h e  l o c a l  
depend on  t h e  f o l l o w i n g :  ( 1 )  t h e  bend ing  o f  t h e  
on  o f  t h e  t o o t h ,  and t h e  a x i a l  compression o f  t h e  
due t o  t h e  f l e x i b i l i t y  of t h e  t o o t h  f o u n d a t i o n  and 
compl iance due t o  t h e  c o n t a c t  s t r e s s e s .  
To de te rm ine  q j  l e  t h e  t o o t h  be d i v i d e d  i n t o  elements as shown i n  
f i g u r e  3 .  L e t  i be a t y p i c a l  e lement  w i t h  t h i c k n e s s  T i ,  c r o s s  s e c t i o n  
a rea  A i ,  and second moment of i n e r t i a  11. L e t  L i j  be t h e  d i s t a n c e  between 
element i and p o i n t  j a l o n g  t h e  x - a x i s .  L e t  B j  be t h e  a n g l e  between 
W j  and t h e  y - a x i s .  (See f i g .  3.) 
c o n t r i b u t i o n  t o  q j  
t o o t h .  Then qbd may be r e p r e s e n t e d  as t h e  sum of t h e  d e f o r m a t i o n  i n  t h e  e l e -  
ments i beneat p o i n t  j .  That  i s ,  
Cons ider  t h e  t o o t h  t o  be a nonun i fo rm c a n t i l e v e r  beam. L e t  q b j  be t h e  
b y  t h e  bend ing ,  shear ,  and a x i a l  d e f o r m a t i o n  o f  t h e  
n 
r 
'bj = 1 q b i j  ( 6 )  
i=l 
where n i s  t h e  number o f  e lements  beneath  j and q b i j  i s  t h e  d e f o r m a t i o n  
o f  element i due t o  t h e  l o a d  W j .  
W i th  s tandard  a n a l y s i s  q b i j  i s  found t o  have t h e  v a l u e  ( r e f s .  8, 14, 
and 15):  
- cos 13. J s i n  oj[(TizY. J + 2TiYjLi j) /ZI i ]  
where Y i  i s  t h e  h a l f - t o o t h  t h i c k n e s s  a t  e lement  i ( s e e  f i g .  3 > ,  v i s  
P o i s s o n ' s  r a t i o ,  and E, i s  t h e  " e f f e c t i v e  e l a s t i c  modulus" depending upon 
whether t h e  t o o t h  i s  wide ( p l a n e  s t r a i n )  or na r row ( p l a n e  s t r e s s ) .  S p e c i f i -  
c a l l y ,  f o r  a "w ide"  t o o t h ,  where t h e  r a t i o  o f  t h e  w i d t h  t o  t h i c k n e s s  a t  t h e  
p i t c h  p o i n t  exceeds 5 ( r e f .  14 ) ,  E, i s  
6 
E 
( 1 - v )  2 
Ee = (8) 
where E is Young's modulus of elasticity. For a "narrow" tooth (width-to- 
thickness ratio less than 5>, E, is 
Expressions similar to equations ( 7 )  hold for qf the contribution to 
qj for the deformation due to the flexibility of the ! 00th fillet and founda- 
tion (ref. 15). 
Let qcj be the contribution to q from the local compliance due to 
contact stresses. With the procedures 04 Lundberg and Palmgren (ref. 16)  qcj 
may be expressed as 
- 1.275 
qcJ 0.gF0.8 0.1 
- 
'j 
E 
(10) 
where F is the width of the tooth. 
Hence, by superposition, the deformation at j in the direction of Wj 
is 
The above expressions were used to calculate the deformations for two dif- 
ferent gear pairs. The results are shown graphically in figures 4(a) and (b). 
Shaft stiffness. - The shaft stiffness Ks  is given by the standard 
expression 
JG K = -  s Q  ( 1 2 )  
where G i s  the shear modulus, Q is the shaft length, and J is the polar 
moment of area given by 
J = -  llD4 
32 
where D is the shaft diameter. 
Damp i ng 
(13) 
Shaft damping. - Next consider the damping coefficients 
C . Damping in the shafts is due to the shaft material. 
($1 the coefficients C,1 
Csl, Cs2, and 
In equations (1) to 
and Cs2 are taken to have the form 
7 
112 
Ks  1 
1 - 
JM + 
i 
l and 
c s 2  = 25, 
1 / 2  
KS2 
1 1 
JL + 5 - 
(14)  
(15)  
where C s  r e p r e s e n t s  t h e  damping r a t i o .  Exper iments  have shown t h a t  c s  has 
va lues  between 0.005 and 0.075 ( r e f .  1 7 ) .  
Mesh damping. - S i m i l a r l y ,  t h e  e f f e c t  of damping o f  t h e  gear  mesh i s  
t aken  as 
r ,112 
cg = 25 (16)  
where, as b e f o r e ,  5 i s  t h e  damping r a t i o .  Measurements have shown 5 t o  
have va lues  between 0.03 and 0 .17  ( r e f s .  9 and 10). 
F r i c t i o n .  - Equat ions  ( 1 )  t o  ( 4 )  c o n t a i n  terms T f l  and Tf2 wh ich  rep -  
r e s e n t  t h e  f r i c t i o n a l  moments o f  t h e  d r i v i n g  and d r i v e n  gears .  
o c c u r  because o f  t h e  r e l a t i v e  s l i d i n g  o f  t h e  gear t e e t h .  Buckingham ( r e f .  18) 
has r e c o r d e d  a s e m i e m p i r i c a l  f o r m u l a  for  t h e  f r i c t i o n  c o e f f i c i e n t  f o f  
boundary l u b r i c a t i o n  as 
These moments 
where V,Q i s  t h e  s l i d i n g  speed measured i n  i n . 1 s e c .  An analogous e x p r e s s i o n  
for  e las tohydrodynamic  l u b r i c a t i o n  has been developed by B e n e d i c t  and K e l l y  
, ( r e f .  19) and by Anderson and Loewenthal ( r e f .  20) as fol lows: 
f = 0.0127 l o g  45.94 W/Fp,VsQV (18)  
where 
W t h e  a p p l i e d  l oad ,  N / m  ( l b / i n . )  
F f a c e  w i d t h ,  mm ( i n . )  
VR r o l l i n g  v e l o c i t y ,  mm/sec ( i n . / s e c )  
po l u b r i c a n t  v i s c o s i t y  , N-sec/m2 ( 1  b - s e c / i  n . 2 )  
i 8 
F i g u r e s  5(a) and ( b )  show graphs o f  t h e  f r i c t i o n  c o e f f i c i e n t  as g i v e n  by 
equa t ions  (17)  and (18)  as a f u n c t i o n  o f  t h e  r o l l  a n g l e .  F i g u r e s  6 (a )  and ( b >  
show t h e  r e s u l t i n g  e f f e c t  upon t h e  f r i c t i o n  t o r q u e .  
Mesh A n a l y s i s  
F i g u r e  7 i l l u s t r a t e s  t h e  m o t i o n  of a p a i r  o f  meshing t e e t h .  The i n i t i a l  
c o n t a c t  o c c u r s  a t  A ,  where t h e  addendum c i r c l e  of t h e  d r i v e n  gear  i n t e r s e c t s  
t h e  l i n e  o f  a c t i o n .  A s  t h e  gears r o t a t e  t h e  p o i n t  o f  c o n t a c t  w i l l  move a l o n g  
t h e  l i n e  o f  a c t i o n  APD. When t h e  t o o t h  p a i r  reaches 8, t h e  r e c e s s i n g  t o o t h  
p a i r  d isengages a t  D l e a v i n g  o n l y  one zone. When t h e  t o o t h  p a i r  reaches 
p o i n t  C,  t h e  n e x t  t o o t h  p a i r  beg ins  engagement a t  A and s t a r t s  a n o t h e r  
c y c l e .  
I n  t h e  a n a l y s i s ,  t h e  p o s i t i o n  of t h e  c o n t a c t  p o i n t  o f  t h e  gear  t e e t h  
a l o n g  t h e  l i n e  o f  a c t i o n  i s  expressed i n  t e r m s  o f  r o l l  ang les  o f  t h e  d r i v i n g  
gear t o o t h .  
F i g u r e  8 shows t y p i c a l  s t i f f n e s s  and l o a d  s h a r i n g  c h a r a c t e r i s t i c s  th rough  
a mesh c y c l e .  L e t  a s e r i e s  o f  m a t i n g  t o o t h  p a i r s  be denoted as a,  b, c ,  d 
and l e t  p o i n t s  A ,  B, P ,  C, D be t h e  same as those i n  f i g u r e  7 .  Then, AB 
and CD r e p r e s e n t  t h e  doub le  c o n t a c t  r e g i o n s ,  BC r e p r e s e n t s  t h e  s i n g l e  con- 
t a c t  r e g i o n ,  and as b e f o r e  P i s  t h e  p i t c h  p o i n t .  
The s t i f f n e s s  va lues  a t  doub le  c o n t a c t  r e g i o n s  a r e  c l e a r l y  much h i g h e r  
than  those  a t  s i n g l e  c o n t a c t  r e g i o n s .  When gears r o t a t e  a t  a p p r e c i a b l e  speed, 
t h i s  t i m e - v a r y i n g  s t i f f n e s s  as shown i n  f i g u r e  8 i s  t h e  major  e x c i t a t i o n  
source for t h e  dynamic response o f  t h e  system. 
DISCUSSION 
The o b j e c t i v e  o f  t h i s  a n a l y s i s  i s  to  e s t a b l i s h  t h e  g o v e r n i n g  d i f f e r e n t i a  
e q u a t i o n s  and t o  p r e s e n t  a procedure for  s o l u t i o n .  
themselves a r e  n o n l i n e a r .  However, t h e y  may be e f f i c i e n t l y  s o l v e d  by u s i n g  a 
l i n e a r i z e d - i t e r a t i v e  procedure as fo l lows: 
A s  no ted ,  t h e  e q u a t i o n s  
The l i n e a r i z e d  e q u a t i o n s  may be o b t a i n e d  by d i v i d i n g  t h e  mesh c y c l e  i n t o  
n equal  i n t e r v a l s .  L e t  a c o n s t a n t  i n p u t  t o r q u e  TM be assumed. L e t  t h e  ou - 
p u t  t o r q u e  TL  be f l u c t u a t i n g  because o f  damping i n  t h e  gear mesh, because of  
f r i c t i o n ,  and because o f  t i m e - v a r y i n g  mesh s t i f f n e s s .  
L e t  i n i t i a l  va lues  o f  t h e  a n g u l a r  d i sp lacemen ts  be o b t a i n e d  by p r e l o a d i n g  
t h e  i n p u t  s h a f t  w i t h  t h e  nominal  t o r q u e  c a r r i e d  by t h e  s y s t e m .  I n i t i a l  va lues  
o f  t h e  a n g u l a r  speeds may be taken  from t h e  nominal o p e r a t i n g  speed o f  t h e  
system. 
The i t e r a t i v e  process i s  t hen  as follows: the  c a l c u l a t e d  v a l u e s  o f  t h e  
a n g u l a r  d i sp lacemen ts  and a n g u l a r  speeds a f t e r  one p e r i o d  a r e  compared w i t h  
t h e  assumed i n i t i a l  v a l u e s .  Unless t h e  d i f f e r e n c e s  between them a r e  s u f f i -  
c i e n t l y  s m a l l ,  t h e  procedure i s  repea ted  by u s i n g  t h e  average o f  t h e  i n i t i a l  
and c a l c u l a t e d  va lues  as new i n i t i a l  v a l u e s .  
9 
Finally, observe that the term (Rb181 - Rb282) in the equation of motion 
represents the relative dynamic displacement of the gears. Let 6 represent 
the backlash. Let gear 1 be the driving gear. The following conditions can 
occur 
Case 1 
The normal operating case is 
Rblel - Rb282 > 0 
The dynamic mesh force F is then 
(19) 
Case 2 
Rblel - Rb282 S O and lRb181 - Rb282) 5 6 (21) 
In this case, the gears will separate and the contact between the gears will 
be lost. Hence, 
F = O  (22) 
Case 3 
Rblel - Rb282 < O and lRble1 - Rb282( > 6 (23) 
In this case, gear 2 will collide with gear 1 on the backside. Then, 
(24) 
CONCLUSION 
A low contact ratio spur-gear transmission model is developed. 
includes inertias of load and power source, stiffness of shaft, time-varying 
mesh stiffness, and damping and friction inside gear transmissions. 
Governing equations of the model are derived and a linearized iterative 
procedure for solution is presented. 
speed, diametral pitch, applied load, damping, stiffness, and inertia will be 
presented in NASA TM-100181 (AVSCOM TM-87-C-3). 
The model 
Parameter study including rotating 
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Spur Gear System Efficiency at Part 
I I 
FIGURE 1. - A SIMPLE SPUR GEAR SYSTEM. 
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FIGURE 3 .  - ELEMENT MODELLING OF A GEAR TOOTH. 
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FIGURE 5. - FRICTION COEFFICIENT OF GEARS I N  FIG- 
URE M A )  AT 1500 RPH. 
13 
3 
2 
1 
0 
-1 
-2 
-3 
-4 
f 
3 
8 3  
z 
W 
+ 
2 
1 
0 
-1 
-2 
-7 
-1 
L 2000 
d 
Q 
DRIVING GEAR 
-------.-- FOLLOWING GEAR 
7 
- 
- ’ 
(A )  BUCKINGHAM’S MODEL. 
- 
I 16 20 24 28 32 
ROLL ANGLE, DEG 
(B) BENEDICT AND KELLEY’S MODEL. 
FIGURE 6. - FRICTION TORQUE VARIATION ALONG THE CON- 
TACT PATH FOR GEARS I N  FIGURE M A )  AT 1500 RPH. 
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FIGURE 7. - ILLUSTRATION OF GEAR RESHING ACTION. 
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